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Abstract Wc introduce several classes of set-valued maps with gener- 
alized convexity: ^-transfer /i-convex, S, i/-convex, transfer r-convex and 
weakly z— convex set valued maps. We obtain minimax theorems for set- 
r) I valued maps which satisfy the introduced properties and are not continuous, 

^^ ■ by using a fixed point theorem for weakly naturally quasi-concave set- valued 

• ' maps defined on a simplex in a topological vector space. 

r^ '. 

C^ I Key words minimax theorems, fixed point theorem, weakly naturally 

quasi-concave set valued map, S'-transfer /i-convex set valued map, S, r- 
convex set valued map, transfer 7-convex set valued map, weakly z— convex 
set valued map. 

ff^ ' 1 Introduction 

cn : 

^^ ■ The classical Ky Fan inequalities [4], [5], [6] are an undeniably important 

^^ , tool in the study of many important results concerning the variational in- 

^D ' equalities, game theory, mathematical economics, control theory and fixed 

[2 ! point theory, e.g., see [1], [2], [7], [8], [9], [11]-[15], [17]-[19], [21]-[29] and the 

references therein. In recent years, many generalizations have been success- 
fully obtained and here we must emphasize the study of Ky Fan minimax 
theorems for vector- valued mappings and for set- valued maps. We refer the 
reader, for instance, to Li and Wang [13], Luo [17], Zhang and Li [28], [29], 
C^ ■ Zhang, Cheng and Li [27]. In [18], Nessah and Tian search the condition 

concerning the existence of solution of minimax inequalities for real- valued 
mappings, without convexity and compactness assumptions. They define 
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the local dominatedness property and prove that it is necessary and fur- 
ther, under some mild continuity condition, sufficient for the existence of 
equilibrium in minimax inequalities. This type of characterization of the so- 
lution for minimax theorems leads us to the question whether similar results 
can be obtained, but by keeping the convexity conditions and by giving up 
the continuity ones over the set- valued maps. 

In this paper, we study vector minimax inequalities for set-valued maps. 
We give up the condition of continuity of the set-valued maps and, instead, 
we work with some new classes of generalized convexity which we introduce. 
In order to prove our results, we use a fixed point theorem for weakly nat- 
urally quasi-concave set- valued maps defined on a simplex in a topological 
vector space (see [20]). Our proving techiques are similar to Zhang and Li's 
ones (see [29]), in which the fixed point theorems for set-valued maps play 
an important role. 

The article is organized as follows. In Section 2, we introduce notations 
and preliminary results. In Section 3, the convex-type properties for set- 
valued maps are defined and some exemples are given. In Section 4, we 
obtain two types of Ky Fan minimax inequalities for set-valued maps. We 
also provide some examples to illustrate our results. Concluding remarks 
are presented in Section 5. 



2 Preliminaries and notation 



Throughout this paper, we shall use the following notations and definitions: 
Let A be a subset of a topological space X. 2^ denotes the family of 
all subsets of A and A denotes the closure of A in X. If A is a subset of a 
vector space, co^ denotes the convex hull oi A. li F , G : X —^ 2^ are set- 
valued maps, then coG, clG, G D F : X ^ 2^ are set-valued maps defined 
by (coG)(a;) =coG(x), (clG)(a;) =clG(x) and (Gni^)(x) == G{x)nF{x) for 
each X E X, respectively. 

In this paper we will consider E and Z be real Hausdorff topological 
vector spaces and we will assume that 5* is a pointed closed convex cone in 
Z with its interior int5 ^ 0. 

Definition 1 (see [10]). Let A a Z be a nonempty subset. 

(i) A point z E A is said to be a minimal point of A iff Ar\{z — S) = {z}, 

and MinA denotes the set of all minimal points of A. 

(ii) A point z E A is said to be a weakly minimal point of A iff A H 

(z—intS) — 0, and Min^A denotes the set of all weakly minimal points 

of A. 

(Hi) A point z E A is said to be a m,axim,al point of A iff An{z + S) = {z}, 

and MaxA denotes the set of all maximal points of A. 

(iv) A point z E A is said to be a weakly maximal point of A iff A n 

(z+intS) = 0, and Max^A denotes the set of all weakly maximal points of 
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A. 

It is easy to verify that MinA cMin^A and MaxA cMax^A. 

Lemma 1 (see [7])Let A C Z be a nonempty compact subset. Then (i) 
MinA ^ 0; (ii) A cMinA + S; (in) A cMinwA+intSUiOp}; (iv)MaxA ^ 0; 
(v) A cMinA - S; (vi) A cMaXyjA-intS U {Of} 

We present the following types of generalized convex mappings and set- 
valued maps. 

Definition 2 Let X he a nonempty convex subset of a topological vector 
space E, Z be real topological vector space and S be a pointed closed convex 
cone in Z with its interior intS ^ 0. Let T : X ^ 2^ be a set-valued map 
with nonempty values. 

(i) T is said to be properly S — quasiconvex on X, if for any a;i,X2 G X and 
A e [0, 1], either T{xi) C T{\xi + (1 - \)x2) + S or T{x2) C T{\xi + (1 - 

X)X2) + S. 

T is said to be properly S— quasiconcave on X , if — T is properly 5— quasicon- 

vex on X. 

(ii) T is said to be S — quasiconvex [16] on X, if for any point y £ F, the 

level set LevE{z) := {x e X : 3i G T{x) s.t. t <E z — S} is convex. 

T is said to be S — quasiconcave on X , if — T is S — quasiconvex on X. 

Definition 3 (see [23]) Let X he a nonempty convex subset of a topological 
vector space E , let Y he a subset of a topological vector space Z and S be 
a pointed closed convex cone in Z with its interior intS ^ $. A vector- 
valued mapping f : X -^ Y is said to be natural S — quasiconvex on X if 
f{Xxi + (1 — A)x2) Eco{f{xi),f(x2)} — S for every Xi,a;2 G X and X G 
[0,1]. This condition is equivalent with the following condition: there exists 
/i G [0,1] such that f{Xxi -t- (1 — X)x2) <s t^f{xi) -I- (1 — /i)/(x2), where 
X <s y ^ y — X ^ S. 

A vector-valued mapping f is said to he natural S*— quasiconcave on X if 
—f is natural quasi S— convex on X. 

Definition 4 (see [27]) Let Y be a .subset of a topological vector space Z, 
let X be a nonempty convex subset of a topological vector space E and S be 
a pointed closed convex cone in Z with its interior intS ^ 0. The set-valued 
map T : X — > 2^ is said to he naturally S-quasi-concave on X, if for any 

xx,X2 (EX and Xe [0, 1], co(T(xi) U T{x2)) C r(Axi + (1 - A)x2) - S. 



Let Z\„_i = UAi, A2, ..., A„) G M" : E ^» = 1 and A, ^ 0, i = 1, 2, ..., n 

I . . . *=i . 

be the standard (n-l)-diniensional simplex in M". 
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Definition 5 (see [6]) Let X be a non-empty convex subset of a topological 
vector space E and Y be a non-empty subset of E . The set-valued map 
T : X — > 2 is said to have weakly convex graph (in short, it is a WCG 
correspondence) if for each n Cz N and for each finite set {xi, X2, ..., x„} C 
X, there exists yi £ T{xi), {i ~ 1,2, ...,n) such that 

(1.1) co({(xi,yi),(x2,j/2),---,(a;„,2/„)}) C Gr{T) 

The relation (1.1) is equivalent to 



(1.2) Y.^^y^(.T{Y,X,x,) (V(Ai,A2,...,A„)eZ\„_i). 



We introduced in [2] the concept of weakly naturally quasi-concave set- 
valued map. 

Definition 6 (see [20])Let X be a nonempty convex subset of a topological 
vector space E and Y be a nonempty subset of a topological vector space 
Z . The set-valued map T : X — > 2 is said to be weakly naturally quasi- 
concave (WNQ) if for each n and for each finite set {xi, X2, ..., a;„} C X, 
there exists yi £ T{xi), {i G {l,...,n} and g — {gi,g2, ■■■,gn) '■ ^n-i -^ 
An-i a mapping with gi continuous, gi{\) = 1 and .9i(0) = for each i G 

n n 

{l,2,...,n}, such that J29ii^i)yi ^ T{Y,hxi) for every (Ai, A2, ..., A„) G 

i=l i=l 

An-1. 

Remark 1 li gi{\i) = Ai for each i G (1,2, ...,n) and (Ai, A2, ..., A„) G /\n-i, 
we get a set- valued map with weakly convex graph, as it is defined by Ding 
and He Yiran in [3] . In the same time, the weakly naturally quasi-concavity 
is a weakening of the notion of naturally S-quasi-concavity with S = {0}. 

Remark ^ If T is a single valued mapping, then it must be natural S- 
quasiconcave for 5* = {0}. 

Example 1 (see [20]) Let T : [0,4] -^ 21-2,2] ^^ defined by 

r [0,2]ifxG[0,2); 
T(x)== I [-2,0] if x = 2; 
[(0,2]ifxG(2,4]. 
T is neither upper semicontinuous, nor lower semicontinuous in 2. T also 
has not weakly convex graph, since if wc consider n = 2, xi = 1 and X2 = 3, 
we have that co{(l,2/i), (3,2/2)} ^GiT for every j/i G r(xi), j/2 e T{x2). We 
notice that T is not naturally {0}— quasiconcave, but it is weakly naturally 
quasiconcave. 

We proved in [20] the following fixed point theorem. 
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Theorem 1 (see [20])Let Y he a non-empty subset of a topological vector 
space E and K he a [n — 1)- dimensional simplex in E. Let T : K ^ 2^ 
he an weakly naturally quasi-concave set-valued map and s : Y ^f K he a 
continuous function. Then, there exists x* E K such that x* E s o T(x*). 



3 Several classes of set-valued maps with generalized convexity 

In this section wc introduce definitions concerning different types of cone- 
transfer convexity. 

Definition 7 Let X he a convex set of a topological vector space E, let Y be 

a nonempty set in the topological vector space Z and let F : X x X ^ 2^ be 

a set valued map with nonempty values. F is called S— transfer fi— convex 

on X X X if, for each n, for every xi,X2, ...,a;„ e X and z € Y, then, for 

each i G {l,2,...,n}, there exists Zi = Zi(a;i, 2:2, ..., x„, z) G Y such that we 

have: 

^) P{Yh=i ^iXi, z)C^{[jy^J^ F{xi,y)) C Fix^, Zi)-S for each \ == (Ai,A2,..., 

A„) e Z\„-i with the property F(X]"=i Kx^, z)nMaa;^F(X]"^i XiXt,X) ^ 

and 

'i-i) F(J2"=i ^i^t^ ^)^i[Jyex ^i^i^y)) C F{xi, Zi)-intS for each X == (Ai,A2, 

...,A„) G An-i with the property Fi^'l^^XiXi, z)r\MaXwF{Y,1^.^XiXi, X) ^ 

0. 

F is called S~ transfer fi— concave on X x X if —F is S— transfer /i— convex 

on X X X. 

Example 2Lct X = [0,1], Y = [-1,1], S = [0,oo) and F : X x X ^ 2^ be 
[-l,y]iiO<x<y<l; 



defined by F(x,y) = >, r ^ -r ^ ^ 

^ ^ '^' 1 [-X, y]ifO<j/<a:;<l 

F is S*— transfer /i— convex. 
Let xi,X2, ...jXn G X and z GY. 

For each i G {1,2, ...,n},\Jy^x ^i^^^v) ^ [-'^A]-X'la.x^[jyex Fi^'.^v) = 
{l}and 

^^i=i ^'^- ^^ - \ [- Er=i A.:r., z] ff < z < ELi A,x. < 1. 

For each i G {1,2, ...,n}, there exists Zi E Y, Zi > inax{z,a:;i}, so that 
F{xi, Zi) = [— 1, Zi] and then: 

i) if z = 1, F{J2"^^ XiXi, z)nMa,x^\Jy^x ^i^i'V) = PiJ27=i ^i^^' ^) ^ 
{1} ^ and -F(I]r=i ^i^i^ ^) ^ ^i^^' ^i) ~ ^ ^^^ 

ii) ff z < 1, F(X;r=i XiXi, z)nMax^ Uyex P{x„y) = FiY.l^i ^i^i^ ^) ^ 
{1} = and F(Er=i X^x^, z) C F{x^, z,)-iniS 

Definition 8 Let X he a convex set of a topological vector space E and let 

Y be a nonempty set in the topological vector space Z. 

The mapping f : X x X ^^ Y is called S— transfer pi— convex on X x X 
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if, for each n, for every xi, X2, ..., a;„ G X and z £ Y, then, for each 

i G {l,2,...,n}, there exists Zi = Zi{xi,X2, ■■■,Xn,z) G Y such that if 

/(EiLi^i2;i,z) G Uyexfi^i^y) fo"^ '^"'^h A = (Ai, A2, ..., A„) G Ai-i, we 

have that: 

«J fiJ2'i=i ^i^i-> ^) £ I{^i-> Zi) - -5* for each A = (Ai, A2, ..., A„) G /\„_i with 

the property that fiJ2"=i ^i^i^ ^) &Max^{\Jy^^ .fiJ27=i ^i^i^v)) ^"^ 

/(Z]r=i'^j2;i,z) G f{xi,Zi)-intS for each A = (Ai, A2, ..., A„) G A^-i with 

the property that f{J2"=i ^iXi,z) '^Max^{[jy^^ F{J2"^i XiXi,y)). 

The mapping f is called S —transfer ii~ concave on XxX if —f is S— transfer 

I1-- convex on X x X. 

Example 3Lct X = [0,1], Y = [-1,0], S ^ [0,oo) smd f : X x X ^ Y be 
1 if < .X < y < 1; 



defined by f(x,y) — ^ -r ^ ^ ^ -, 

J .i\ -.yj 1 X if < y < X < 1 

/ is S*— transfer /x— convex. 

Let a;i,X2, ...,x„ G X and z G F. 

For each i G {1,2, ...,n}, IJ^ex /(^^^^J/) = {^^j, 1}, Max„ IJ^^^ /(x^, y) = 
{1} and we have that for each A ~ (Ai, A2, ..., A„) G An-i, if /(X]"=i Kxi, z) G 
{xi, 1}, there exists Zi £ Y, Zi > max{z, Xi}, so that f{xi, Zi) ~ 1, and then: 

i) if z = 1 and /(X]"=i ^i^i-, z) = I for (Ai, A2, ..., A„) G Ai-i, we have 
that /(X]"=i ^i^i-, z) e /(xi, Zi) - S and 

ii) if z < 1 and /(X]"=i ^i^i^, z) ^ I for (Ai, A2, ..., A„) G Ai-i, we have 
that /(I]"=i Kxi.z) G /(a;i,Zi)-int5' 

Definition 9 Let X he a convex set of a topological vector space E, let Y 
be a nonempty set in the topological vector space Z and let F : X —^ 2^ he 
a set-valued map with nonempty values. 
E is called S, v— convex on X if, for each n and for every Xi, a;2, ..., x„ G X, 

A = (Ai, A2, ..., A„) G An-l, EiY^'l^^ ^i^i) '^ ^ie{l,2,...,n}F{Xi) + S. 

E is called S, v— concave on X if —E is S, ly— convex. 

Example 4Lct X ^ [0, 1], Y = [0, 1], 5 = [0, 00) and i^ : X x X ^ 2^ be 
[0, 1] if <x <y < 1; 



defined by E(x,y) — 1 r„ t -r r. ^ ^1 

•^ ^ '^^ I [0,x] if < 2/ < X < 1 

For each x £ X, E{x, •) is S*, v— convex. 
Let j/i, 2/2, •••, J/ri G ^ and x G X be fixed. Then, 
[0,1] ifO<x<y, <1; 



^^"^^y^^-^ [0,x] ifO<2/, <x<l. 



S. 



f(t V" A 1,^ _ f [0, 1] if < X < Er=i >^^y^ < 1; „„H 

J [0, 1] if < X < yj < 1 for each i G {1, 2, ..., 1 
ae{i,2....,„}^ (2;, y,) - I jQ^ ^j if 3 io G {1, 2, ..., n} s. t. <?/,„< x < 

It foUows that for each x G X, E{x,Yl7=i ^iVi) ^ ^ii^{i,2,...,n}F(x,yi 
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Definition 10 Let X be a convex set of a topological vector space E and let 

Y be a nonempty set in the topological vector space Z. 

The mapping / : X — > 2 is called S, u— convex on X if, for every xi, a;2, ..., 

x„ e X, A = (Ai, A2,...,A„) e Ai-i, f{YJi=i^i^i) •= li^i) + S for each 

zG{l,2,...n}. 

The mapping f : X ^ 2^ is called S, ly— concave on X if —f is S, i^— convex 

on X. 

Example 5Lct X = [0, 1], Y ^ [0,1], S ^ [0,oo) and f : X x X ^ Y he 
mo <x <y <1; 



defined by f(x, y) — -, -r n ^ ^ i 

For each x £ X, f{x, •) is S, v~ convex. 
Let yi,y2,-,yn e X. 

f(xv)-l^'^^-''-y'-^'^ and 
i^^^y-)~\xiiO<y,<x<l ^'''^ 

It follows that f{x, X]r=i ■^iVi) ^ /(^i J/i) + ^ f*^^ each i e {1, 2, ...n}. 

Definition 11 Let X be a convex set of a topological vector space E, Y be 
a nonempty set in the topological vector space Z and let F : X x X ^f 2^ 
be a set-valued map with nonempty values. 

F is called transfer t— concave on X x X if, for every x € X and yi,y2, ■■-, 
y-n G X, the existence of an index io G {1,2, ...,n} with the property that 
F{x,yig)nMin^UxexF{x,yi„) ^ implies F{x,yi„)r]Mini^UxexF{x,yi„) C 

F{x, J27=i ^iVi) 1°^ ^'"^'^y (^ii -^2, •••, A„) e An-l. 

F is called transfer t— convex on X x X if, for every x £ X and yi,y2,-.-, 
y-n G X, the existence of an index io G {l,2,...,n} with the property that 
F{x,yig)nMaXw U^ex F(x,yi„) ^ implies F(a;, X^^^i ^iVi) ^ F{x,yi„) D 
nMaz^ Uxex F{x,yi„) for every (Ai, A2, ..., A„) G /i„-i. 

Example 6 Let X = [0, 1], Y = [0,1], S = [0,oo) said F : X x X ^ 2^ be 

definedbvnx^)-|[°'^]^^°-"-^-^' 
'^''^''°'^^^^^'''^^" \[0,x] iiO<y<x<l. 

F is transfer r— concave. 

For each I G {l,2,...,n}, LlxexF{x,yi) = [0,1]. 

There exists io such that F{x,yig)r\Mmw ^xex F{x,yi^^) — F{x,yi^)r\ 
Min„[O,l]^0. 

We also have {0} = F(a;, y^JOMin^ Uj;ex F{x,yig) C F{x,Y,"^iKyi) 
for every A = (Ai, A2, ..., A„) G /i„-i. 

Definition 12 Let X be a convex set of a topological vector .space E, let Y 
be a nonempty set in the topological vector space Z and let f : X x X ^ Y . 
The mapping f is called transfer t' ~ concave on X x X if, for every x E X 
and yi, 2/2, •••: yn G X, the existence of an index zq G {l,2,...,n} with the 
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property that f{x,yi) = /(a;, y2) = ••• = f{x,yn) eMin^^ U^ex .f{x,yi„) 
implies f{x,yi) — /(a;, ^^^j^ Aij/i) for each i G {l,2,...,n} and for each 
(Ai, A2, ..., A„) e /\n-i- 

The mapping f is called transfer t' — convex on X x X if for every x E X 
and j/i, 2/2, •••: J/n G X, the existence of an index iq G {l,2,...,n} with the 
property that f{x,yi) = f{x,y2) = ... = /(a;,2/„) (^Max^ y^xex f{x,yia) 
implies f{x,yi) — /(a;,^"^]^ Aij/i) for each i G {l,2,...,n} and for each 
(Ai, A2, ..., A„) e /\n-i. 

Example 7Lct X = [0, 1], F = [0, 1], S* = [0, cx)) and / : X x X ^ F be 
OifO<a;<y<l; 



defined by fix.y) — , .r ^ ^ ^1 

J^V'^y lxifO<y<a;<l 

/ is transfer r'— coneave. 

We notice tliat for each i e {l,2,...,n}, L)xexf{x,yi) — [0,1] and 
Min^Uxex f{x,y^) -{0}. 

If f{x,yi) GMintu U^ex f{x,yi) for eacli i e {1,2, ...,n}, it follows that, 
for each i S {1, 2, ..., n}, < x < yi < 1. Therefore, < x < J27=i ^iVi — ^ 
for each A = (Ai, A2, ..., A„) e Z\„-i, then, fix^Y^^-^Kyi) = == f{x,yi) 
for each i e {0, 1, ..., n}. 



4 Minimax theorems for set-valued maps without continuity 

In this section, we establish some generalized Ky Fan minimax inequalities. 
Firstly, we are proving the following lemma, which is comparable with 
Lemma 3.1 in [29], but our result does not involve continuity assumptions. 
Ue use instead the generalized convexity properties for set-valued maps 
introduced in Section 3. 

Lemma 2 Let X be a (n-1) dimensional simplex of a Hausdorff topological 
vector space E, Y be a compact set in the Hausdorff topological vector space 
Z and let S be a pointed closed convex cone in Z with its interior intS 7^ 0. 
Let F : X X X ^f 2^ be a set-valued map with nonempty values such that 
\Jy^x P{xi y) *•* ^ compact set for each x € X . 

(i) If F is S— transfer ^—convex on X x X , E{x, •) is properly S—quasicon- 
vex on X for each x E X and F{-, y) is naturally S ~ quasiconcave on X for 
each y E X, then there exists x* E X such that E{x* , x*)C\MaXw IJ g^ F{x* , y) 

(a) If E is transfer t— concave on X x X, E(-,y) is properly S—quasicon- 
cave on X for each y <E X and F{x, •) is S, v— convex on X for each x G X, 
then, there exists y* E X such that E{y* ,y*)r\Minw ^xex F{x,y*) 7^ 0. 

Proof, (i) Let us define the set- valued map T : X ^ 2^ hy 

T{x) = {y eX : F{x, j/)nMax^ U^gx F{x, z) ^ 0} for each xeX. 
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We claim that T is nonempty valued. Indeed, since Uy£xF{x,y) is a 
compact set for each x £ X, by Lemma 1, Max^ Uzgx F{x, z) ^ 0. For each 
X € X, let Zx GMaxtu Uzgx F(x, z). Then, there exists yx ^ X such that 
Zx e F{x,yx) and then, yx £ T{x) = {y e X : F{x,y)r\MaXioUzex F{x, z)}. 
Consequently, T(x) ^ for each x & X. 

We will prove further that T is weakly naturally quasi-concave. 

Let Xi,X2,...,x„ G X. For each i G l,...,n, there exists y^ G T{xi), that 
is F(a;^, i/OnMax„ (j^gx F{x^,z) ^ 0. 

We assume, by contrary, that T is not weakly naturally quasi-concave. 
Then, for each g = ((/i, (/2, •••,5n) '■ ^n-i ^ ^n-i with ^^ continuous, 
^^(l) = 1, 5i(0) = for each i G {1, 2, ..., n}, there exists A^ = (Af , Aj, ..., A^) 
G zi„_i such that E^=l5^(Af)2/^ ^ T(J:^^^ Afx,), that is F(E^^, Xfx,, 
Er=i 5»(Af )2/,)nMax„ U,gx F(Er=i Afx„ z) = 0. 

Since -F(Er=i •^?^»' Er=i 5'j(Af)2/i) C F{J2'l^^Xlxi,X), by Lemma 1, 

FiEti >i^^^ Eti 5.(Af )?;«) CMax^U,exF(Er=i Afx„ z)-int^U{Oi.}. 

We have that F(-, z) is naturally S*— quasiconcave on X for each z G X, 
then co{F(xi, z) U ... U F(x„, z)} C i^(E"=i K^^^ z) - S for each z G X. 

It follows that for each i G {l,2,...,n}, F{xi,z) C -F(EiLi Afx^, z) — 
5 cMax^ Uzex -^"(^"=1 Afaj^, z)— intS* U {Of} for each z G X, in particular 
Fix^, ELi 5*(Af )j/^) CMax^ U.gx J^(Er=i Afa:,, z)-int5 U {Of}. 

Since F is S*— transfer /x— convex and also -F(E"=i Af a;i, Er=i 9i{^i)yi}^ 
nMaxtuF(EiLi ^iXi,X) = 0, it follows that there exists Zig G X such that 
^(ELi A^a:^,E^=l5i(A?)2/.) n (U.ex ^(^^i' ^)) C F(xi, z,J-int5. Let t G 
^(ELi Aia;i, Er=i 9i(.>H)yi) ^ (Uzgx ^(2^^' ^)) ^nd for each i G {1, 2, ..., n}, 
let Ui G F{xi,Zi^) such that t — Ui — Si, Si GintS*. Since t G F{xi,Zig) — 
s, s Gluts', it follows that Ui G Uzex -^(^j' •^) '"' {^+int5} ^ 0, that is 
i e -P'(E"=iAia;i,Er=i5i(Af)yj) n (Uzex^C^^*'^)) implies the fact that 
t ^Max^ Uzgjf i^(a;i, z). Consequently, i^(Er=i Afa;^, ELi 9i{K)yi)^ 
nMaxtu Uzgx F(xi, z) = for each i G {1, 2, ..., n}. 

We claim that F(a;i, E"=i 5i(Af)yi)nMax^ U^gx F{xi,z) = for each 
iG{l,2,...,n}. 

Indeed, if we assume, by contrary, that there exists io G {l,2,...,n} 
and t G i^(a;io,Er=iff^(Af)2/i) such that t GMax^ U^ex F{xi„,z), then t G 
■^(E"=i Afa;^, E"=i 9i{K)yi)-S and i GMax^jU^gx^ (a;io, z). We have that 
t = t' - So, where i' G i^(E"=i Af a;i, Er=i 9i{^f)yi) and sq G S, therefore 
t' = t + so G F(E:Li Afx„Er=i3^(Af)2;^) and F(x,„,z) n {t+int5} = 0. 
Consequently, i'+s = i+so + s, and so G S*, s GintS* implies s' = sq + s GintS* 
and t' + s ^ F{xig,z), that is F{xig,z) n {t'+int5} = 0, which implies 
f GMax^ U,gx F{x,„,z). Therefore, t' G i^lELi Afa;,, Elli 5«(Af)yOn 
Max^ Uzex F{xig, z), contradiction. It remains that F{xi, E"=i 5i(Af )j/i)n 
Max^ Uzgx F{xi,z) = for each « G {1, 2, ..., n}. 

Since for each x G X, -F'(x, •) is properly 5— quasiconvex on X, there 
exists j G {1, 2, ..., n} such that F{xj, j/j)nMax^ Uzgx F{xj, z) — 0, which 
is a contradiction. 

Therefore, according to fixed point Theorem 1, there exists x* G r(x*), 
that is, F(x*,x*)nMax„U^g^i^(x*,y) 7^ 0. 
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(ii) Let us define the set- valued map Q : X ^ 2^ hy 

Q{y) = {x€X: F{x, y)C^Min^ U^ejf F{z, y) ^ 0} for each y C X. 

We claim that Q is nonempty valued. Indeed, since [JxexF{x,y) is a 
compact set for each y E X, according to Lemma 1, Min^ ^xex F(x, y) ^ 0. 
For each y E X, let Zy SMin^ ^x^x F{x, y). Then, there exists Xy E X such 
that Zy € F{xy,y) and then, Xy G Q{y) — {x £ X : _F(a;, y)nMin^ ^xex 
F{x,y)}. Consequently, Q{y) 7^ for each y E X. 

We will prove further that Q is weakly naturally quasi-concave. 

Let 2/1,^2, ■•■,J/n € X. For each i S 1, ...,n, there exists Xi € Q{yi), that 
is F{xi,y^)r\Min^ IJa^ex ^i^^ Vi) ^ ^■ 

We assume, by contrary, that Q is not weakly naturally quasi-concave. 
Then, for each g = {gi,g2, ■■■,gn) '■ ^n-i -^ ^n-i with gi continuous, 
3,(1) = 1, 3,(0) = for each i G {1, 2, ..., n}, there exists A^ = (Af , Af , ..., AfJ 
e Z\„_i such that X^Li 9i{K)^i i <3(I]"=i ^f2/i)> that is Fi^^^^ g^{\l)xi, 
Eti Afy,)nMin,„ U,ex F(x, Er=i Af y.) = 0. 

F(a;, •) is S", v-convex on X, then, -F(X]"^i 5i(Af )a;,, X^Li Af^i) C 
■^(I]r=iff»(Af)2;»,y»)+'S' for each i e {1, 2, ...n}. Since F(X;r=i ^^(Af)^;,,^,) C 
F{X, yi), according to Lemma 1, -F(I]"=i 9t{K)xi,yi) cMin^\Jx(ixF{x, yi)+ 
intS-U {Of} and then, F(X;Hi 9^{K)x^,iT^=l KVi) cMin^ \Jxex F{x, y,)+ 
intS U {Of} for each i e {1, 2, ..., n}. 

It follows that F{J27=i9ii^f)xi,E7=i X!y^)nMm^UxexF{x,y,) = for 
each i e {1,2, ...,n}. 

We claim that F(X;r=i 5i(Af)a;i,yi)nMin,„ Uxex F{x,yi) = for each 
ie{l,2,...,n}. 

Indeed, if we assume, by contrary, that there exists io G {l7 2,...,n} 
and t e -F(X]r=i5'»(Af)a;i,y,JnMin,i, Ua;gjf F{x,ytg), since i^ is transfer 
T— concave, it follows that t G ^(X]r=i 5i(Af)a;i, X^fci Af^i)- Further, we 
have that there exists xq E X such that t E F{xo, yi„) and UxexF{x, yi^) n 
{i-int5} = 0. This fact means ^(EHi 5«(Af)x,, X:r=i Afy«)nMin,^ Ux^x 
F{x, yi„) y^ 0, which is a contradiction. It remains that -F(Ei=i 9iiXi)^ii Vi)^ 
Min^i, Uaigjsf -F(a;, y^) = for each « G {1, 2, ..., n}. 

Since for each y E X, F{-,y) is properly 5— quasiconvex on X, there 
exists j E {l,2,...,n} such that F{xj,yj)PiMmw ^x£X F{x,yj) = 0, which 
is a contradiction. 

The conditions from the fixed point Theorem 1 are fulfilled, so that there 
exists y* E Q{y*), that is, F{y*,y*)nMm^ Uxex F{x, y*) ^9. D 

As a first application of the previous lemma, we obtain the following 
result, which differs from Theorem 3.1 in [29] by the fact that wc took 
in consideration only the hypothesis which concern convexity properties of 
set- valued maps. No form of continuity is assumed. 

Theorem 2 Let X be a (n-1) dimensional simplex of a Hausdorff topolog- 
ical vector space E,Y he a compact set in a Hausdorff topological vector 
space Z and let S be a pointed closed convex cone in Z with its interior 
intS 7^ 0. Let F : X x X ^ 2^ be a set-valued map with nonempty values 
such that Uyi=xF{x, y) is a compact set for each x E X . 
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If F is S— transfer fi— convex on XxX , F{x,-) is properly S — quasiconvex on 
X for each x ^ X and F{-, y) is naturally S ^ quasiconcave on X for each y G 
X, then, there exist Zi (zMaiL}xexF{x,x) and Z2 (zMinUx<£xMaXwF{x, X) 
such that zi E Z2 + S. 

Proof. According to Lemma 2, there exists x* E X such that F{x* ,x*)r\ 
Max„ Uyex F{x*,y) y^ 0. 

We have F{x*,x*) C UxexF{x,x) and, by Lemma 1, it follows that 
[Jx(^xF{x,x) cMa-KUxexF{x,x)-S,sot]ia,t, F{x*,x*) cMax.UxexF{x,x)- 
S. 

On the other hand, Max^ ^y^x F{x*,y) C Ux£X^soiwF{x, X) and, by 
Lemma 1, it follows that Ua;GjfMaxt„F(x,X) cMinU;rgxMax^F(a;,X) + 5*, 
so that, Max„ Uyfzx F{x*,y) cMmUxexMax^F{x, X) + S. 

Hence, for every u G F{x*,x*) and v eMaxu, Uygx F(x*,y), there exist 
zi EMa.xUx£xF{x,x) and Z2 EMmUxexM'<i-^wF{x, X) such that u E zi — S 
and V E Z2 + S. 

If we take m = f , we have zi E Z2 + S. D 

Example 8Lct X = [0,1], Y = [-1,1], S = [0,oo) and F : X x X ^ 2^ be 

1 r= 1 , r./ N f [-1,2/1 if <a;< w < 1; 
defined by F(x, y) ^ < \ \ -c r,Z ~ Z- ^ 

\\-x,y\\i^ <y <x <\. 

We notice that F is not continuous on X, but F is S'— transfer /i— convex. 

(a) We prove that F{x, •) is properly 5'— quasiconcave on X. 

Let a; E [0,1] be fixed, yi,y2 e [0, 1], A e [0, 1] and y(A) = A?/i + (l-A)y2- 
(al) If yi > y2 > X, F{x,yi) = [-l,yi], F(x,y2) = [-1,^2] and 
i^(x,y(A)) = [-l,y(A)]. 

Since yi > y(X) > y2 > x, we have that F{x, 7/2) C F{x, j/(A)) — 
[0,00). 

(a2) If yi < y2 < x, F{x,yi) = [-x,yi], F(a;, j/2) = [-a;, 2/2] and 
F(x,y(A)) = [-x,y(A)]. 

Since yi < j/(A) < 2/2 < a;, we have that i^(x, yi) C -F(a;, j/(A)) — 
[0,00). 

(a3) liyi>x> 2/2, F{x,yi) = [-l,yi], F{x,y2) = [-x,y2]. 

If J/i ^ J/(A) > a; > j/2j F{x,y{)^)) = [— l,y(A)] and, consequently, 
F{x,y2)cF{x,y{X))-[0,^). 

If 2/1 ^ a; > j/(A) > 7/2, F{x,y{X)) = [—x,y{X)] and, consequently, 
i^(a;,y2)cF(x,y(A))-[0,oo). 

(b) We prove that F{-, y) is naturally 5— quasiconcave on X. 

Let 2/ E [0, 1] be fixed, xi, X2 E [0, 1], A G [0, 1] and a;(A) = Axi + (1-A)a;2. 
(bl) If xi > X2 > y, F{xi,y) = [-xi,y], F{x2,y) = [-X2,y] and 
F{x{X),y)^[-x{X),y] 

co{F{xi,y)UF{x2,y)} ^ [-xi,y] C [-x{X),y] - [0,oo) = 
F(x(A),y)-[0,oo) 

(b2) If xi < X2 < y, F{xi,y) = [-l,y], F{x2,y) = [-l,j/] and 
F(x(A),2/) = [-l,y] 
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co{F(xi,y)UF(a;2,2/)} = hl,2/]c[-l,y]-[0,^) = ^(x(A),2/)- 
[0,oo) 

(b3) lixi>y> X2, F{xi,y) = [-xi,y], F{x2,y) = [-1,2/] and 
co{F(xi,2/)UF(x2,j/)} = [-l,y] 
If xi > x{X) > y > X2, F{x{X), y) = [— x(A), y] and 
co{^(a;i,j/) UF(x2,y)} = [~l,y] C hx(A),y] - [0, w) = 
F(x(A),2/)-[0,oo) 

If a;i > 2/ > a;(A) > X2, F(a;(A), y) = [-1, y] and 
co{F(a;i, 2/)UF(a;2, 2/)} - [-1, y] C [-1, y] - [0, ^) - i^(x(A), y)- 
[0,oo) 

yjy(zxF{x,y) = Uj;<j;[-x,y] UUy>a;[-l,y] = [-a;, a;] U [-1,1] = [-1,1] is 
a compact set. 

All the assumptions of Theorem 2 are fulfilled, then there exists zi £ 
M.ax}Jx^xF{x,x) and Z2 eMinUa;gxMax^F(a:;,X) such that zi G 2:2 + S. 
yj^(z xF{x,x) = U o,ex[-l,x] ^ [-1,1]; 
Ma xU^gjcf (a:,x) ^ {1} ; Max^F(a;,X) = {1}; 
MinUa;exMax^F(x,X) = {1}. Then zi = 1, 22 = 1 and zi e Z2 + S'. 

The next corollary is a particular case of the above theorem. 

Corollary 1 Let X be a (n-1) dimensional simplex of a H aus dor ff topologi- 
cal vector space E,Y be a compact set in a Hausdorff topological vector space 
Z and let S be a pointed closed convex cone in Z with its interior intS ^ 0. 
Let J : X X X ^t Y be a vector-valued mapping such that Uyi^xf{x, y) is a 
compact set for each x Cz X . 

Lf f is S— transfer fi— convex on X x X , f(x, •) is properly S—quasiconvex on 
X for each x ^ X and /(•, y) is naturally S — quasiconcave on X for each y G 
X, then, there exist zi &Ma3)Jxexf{x,x) and Z2 ^Min}JxexMaXwf{x,X) 
such that zi E Z2 + S. 

Another direct application of Lemma 2 is the theorem below, which can 
be considered close to Theorem 3.2 in [29], by the idea of proof. 

Theorem 3 Let X be a (n-1) dimensional simplex of a Hausdorff topolog- 
ical vector space E,Y be a compact set in a Hausdorff topological vector 
space Z and let S be a pointed closed convex cone in Z with its interior 
intS 7^ 0. Let F : X x X ^ 2 be a set-valued map with nonempty values 
such that Uyi=xF{x, y) is a compact set for each x G X . 
If F is transfer r^concave on X x X, F{-,y) is properly S — quasiconcave 
on X for each y E X and F{x, •) is S, ly— convex on X for each x E X, 
then there exist zi CzMinUxexF{x,x) and Z2 EMaoi)Jy^xMinwF{X,y) such 
that zi G Z2 — S. 

Proof. According to Lemma 2, there exists y* e X such that F(y*,y*)n 

Min„ Uxex F{x, y*) ^ 0. 

We have F{y*, y*) C Ux<£xF {x,x) and, by Lemma 1, it follows tha t 
UxexF{x,x) cMmUxexF{x,x)+S, so that, F{y\y*) cMiTAJxexF{x,x) + 
S. 
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On the other hand, Min^ (^xex F{x,y*) C Uj,gxMin^i^(X, y) and, by 
Lemma 1, it follows that Uj,(=xMin^i^(X, y) cMaxUygxMintui^(X, y) — S, 
so that, Min^ U^^gx F{x, y*) cMsixUyexMmyjF{X, y) - S. 

Hence, for every u E F{y*,y*) and v eMin^ ^xex F{x,y*), there exist 
zi GMm\JxexF{x,x) and Z2 i=MaxUj,gxMin^F(X, y) such that u E zi + S 
and V G Z2 — S. 

If we take u = v, we have zi G Z2 — S*. □ 

We obtain the following corollary. 

Corollary 2 Let X be a (n-1) dimensional simplex of a HausdorjJ topologi- 
cal vector space E,Y be a compact set in a Hausdorff topological vector space 
Z and let S be a pointed closed convex cone in Z with its interior intS ^ 0. 
Let f : X X X -^ Y be a vector-valued mapping such that Uy^xf{x, y) is a 
compact set for each x Cz X . 

If f is transfer r'—convcave on X x X, f{-,y) is properly S — quasiconcave 
on X for each y Cz X and f{x, •) is S, v— convex on X for each x G X, 
then there exist zi CzMinUxex fix,x) and Z2 CzMaaiJy^x Minwf{X,y)such 
that zi E Z2 — S. 

We introduce the following definition. 

Definition 13 Let X be a (n-1) dimensional simplex of a Hausdorff topo- 
logical vector space E,Y be a subset of a hausdorff topological vector space 
Z and let S be a pointed closed convex cone in Z with its interior intS ^ 0. 
Let F : X X X ^ 2^ be a set valued map with nonempty values. 
F is weakly z— convex on X for z G A C Z , if for each z E A and for 
any xi,...,x„ G X, there exist yl,y^,...,y^ e X , g"" ^ {gf,g^,...,g^) : 
Z\„_i — > An-i a mapping with gf continuous, (^f (1) = 1, ^f (0) = for each 
i G {1, 2, ...,n} such that F(xi,yf)C\{z+S) ^ for eachi G {1, 2, ..., n} imply 
FiEti A^a:^, Er=i 5f (A^)J/f ) n (z + 5) y^ for each (Ai, A2, ..., A„) G Zi„-i. 

Example 9Lct X =^ [0, 1], Y ^ [0, 1], S ^ [0,oo) said F : X x X ^ 2^ be 
0,x] if < X < y < 1; 



defined by F(x,y) = -, r« n -r^ ^ ^1 

■^ ^ '"^ I [0, 1] if < y < X < 1. 

For each z G [0, 1) and for any xi,X2, ...,x„ G X, there exists yi,2/|, •••, J/^ 
G X with < Xi < y^ for each i G {l,2,...,n} such that F{xi,yf) n 
{z + S) = [0,Xi] n [z,oo) ^ for each i G {l,2,...,n}. It follows that 
z <mini=i,...,„{xi}. Consequently, z < X]"=i ^i^i and < Xj < X^Li 9i{^i)yi 
for each i G {1, 2, ..., n}, for each g"" = {gf, g|, ..., g^) : Z\„_i -^ Z\„-i with 
gf continuous, gf{l) = 1, gf (0) = and for each A — (Ai, A2, ..., A„) G An-i 
and then, -F(E"=i ^i^i, E"=i 9!{>^i)yi) = [0, E"=i ^t^z]- Hence, -F(Er=i ^i^;,, 

Eti 9ii^i)y!) n{z + s)^ [o, Er=i ^^^^] n [z, oo) ^ 0. 

For z = 1 and for any xi,X2, ...,x„ G X, there exists j/f ,2/|, ..., y^ G X 
with < yf < Xi for each i G {l,2,...,ri} such that F{xi,y^) fl (z + 
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S) = [0,1] n [1,00) ^ for each i e {l,2,...,n}. We have that < 
YJt=i9t{^i)vt < Xi for each i G {l,2,...,n}, for each gf = {gf,gi,...,g^) : 
Z\„_i — > ^n-i with 5f continuous, 5f(l) = 1, gf(0) = and for each 
A = (Ai, A2, ..., A„) e An-i and then, F(E"=i ^i^i^ ^"=1 9i{^i)yf) = [0> !]• 
Therefore, F(Er=i A.x,, Eti 5f (A«)yf ) n (z + ^) - [0, 1] n [1, c^) ^ 0. 

If / is a mapping, we obtain the fohowing definition. 

Definition 14 Let X be a (n-1) dimensional simplex of a Hausdorff topo- 
logical vector space E,Y he a subset of a hausdorff topological vector space 
Z and let S be a pointed closed convex cone in Z with its interior intS 7^ 0. 
Let f : X X X -^Y be a mapping. 

J is weakly z-convex on X for z G A C Z , if for each z Cz A and for 
any xi,...,Xn e X, there exist yf,yi,...,y^ e X, g^ = (gf,g^,...,g^) : 
An-i — !> An-1 a mapping with gf continuous, 5^(1) = 1, .9f (0) ~ for each 
i e {1, 2, ..., n} such that f(xi,yf) £ z + S for each i G {1, 2, ..., n\ imply 
fiJ2"=i AiS^i, I]"=i 5f (Ai)yf ) e z + S for each (Ai, A2, ..., A„) e Ai-i- 

Example 10 Let X = [0, 1], F = [0, 1] x [0, 1], 5 = i?^ and / : X x X ^ F 

be defined by /(x, y) ^ ( ["' ^^ ^! ^ f " " ^ f !' 
\ (l,y) if < y < X < 1. 

For each z = {z' , z") G [0, 1) x [0, 1] and for any xi,X2, ...,x„ G X, there 
exists yf , j/|, ..., y^ G X with < Xi < yf for each i G {1, 2, ..., n} such that 
{xi,yf) = f{xi,yf) e{z + S) = [z',00) x [z",oo) for each i G {l,2,...,n}. 

It follows that z' <mini=i n{xi}. Consequently, z' < X]i=i AiS^i and < 

x^ < J27=i9!i>^t)y! for each i G {l,2,...,n}, for each 5^ = {gf,g^,...,g^) : 
Z\„_i -> /\„--i with gf continuous, gf (1) = 1, gi^(O) = and for each A = 
(Ai,A2,...,A„) G Z\„_i and then, {J2"^lX^x^,J2"^^g■{X^)y■) = f{YJ^=l^^x^, 
ELi fff (A^)2/f ) &{z + S) = [z', ^) X [z", 00). 

For z = (1,2/) with y G [0, 1) and for any xi,X2, ...,a;„ G X, there exists 
yf,y2,.-.,yn G X with < yf < x^ for each i G {l,2,...,n} such that 
(l,yf) = f{xi,yf) €{z + S) = [l,cx)) x [y, cx)) for each i G {l,2,...,n}. We 
have that < Y^=i9ii^i)yi < ^i for each i G {l,2,...,n}, for each g^ = 
{9l,92^-,9n) ■ ^"-1 -^ An-i with gl continuous, yf(l) = 1, yf(0) = 
and for each A = (Ai, A2, ..., A„) G Z\„_i and then, (l,I]"=i gf (Ai)yf ) = 
/(Er=i A^a;^, Er=i 5f (Ai)l/f ) e{z + S) = [1, cx)) x [y, cx)). 

Theorem 4 is a minimax theorem in which the set valued map satisfies 
the property defined above. 

Theorem 4 Let X be a (n-1) dimensional simplex of a Hausdorff topolog- 
ical vector space E,Y be a compact set in a Hausdorff topological vector 
space Z and let S be a pointed closed convex cone in Z with its interior 
intS 7^ 0. Let F : X x X ^ 2^ be a set-valued map with nonempty values 
such that Uy^xF{x,y) and UxexF{x,x) are compact sets for each x G X. 
Suppose the following conditions are fulfilled: 
(i) F is weakly z— convex for each z GMinUx^x MaXwF{x, X); 
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(ii) for ea ch x € X, MinXJxex Max^F{x, X) C F{x,X) - S. 
Then, MinUxexMax-u]F{x, X) cMaAJxexF{x,x) — S. 

Proof. By assumptions and Lemma 1, Max^_F(x,X) ^ for each x E X 
and Mm(J!cex Ma,XyjF{x, X') ^ 0. 

Let z £MinUa;gj!s:Max^_F(a;, X) and let us define the set-valued map 
T : X ^ 2^ by 

T{x) = {y E X : F{x,y) n (z + 5) 7^ 0} for each x e X. According to 
assumption (ii), it follows that T{x) is nonempty for each x E X. 

According to assumption (i), we have that T is weakly naturally quasi- 
convex: for any xi, X2, ..., a;„ G X and z Cz Y, there exist yf ,y|, ..., j/^ € X, 
g"' = {gt,9l, -,3^) : ^«-i -^ ^n-i withgi continuous, gf{l) = 1, g{{0) = 
for each i G {l,2,...,n}, such that for each A ~ (Ai, A2, ..., A„) G Zin-i, if 
yi G T{xi) for each i G {l,2,...,n}, then, YA=i9i{^i)yi S ^(X^ILi ^ia;^). 

Therefore, according to fixed point Theorem 1, there exists x* G r(x*), 
that is, F{x*,x*)f\{z + S) 7^0. 

Then, according to Lemma 1, we have z G F{x* , x*) — S C yJxexF{x, x) — 
S <zMa.-i6JxexF{x, x) - S. D 

Example 11 Let X = [0, 1], F = [0, 1], S* = [0, 00) and i^ : X x X ^ 2^ be 

defined bv Fix „) - / t^'^] i^ ^ ^ ^ ^ ^ Ij 
aennea by ^ ^^'^^ - | [q, 1] if < y < x < 1. 

We saw in Example 9 that F is weakly 2;— convex for each z E Z. 

Further, we have that, for each x G X, \Jy^xF{x,y) = [0, 1] and also 
UxexF{x,x) = [Jxex[0,x] = [0,1], so that, UxexF{x,x) and UyexF{x,y) 
are compact sets, for each x E X. 

MsiX^F{x,X) = {1} and Mm(JxexMa.XyjF{x, X) = {!}. 



F(x, X) — S = (—00, 1] and then, for each x G X, MinUxex^s^^wF^x, X) 
C F{x, X) — S. All the assumption of Theorem 3 are fulffiled. 

Then, {1} =^MmUxexMax^F{x, X) cMaxUxexF{x,x) - S = (-00, 1]. 

Corollary 3 Let X be a (n-1) dimensional simplex of a Hausdorff topo- 
logical vector space E,Y be a compact set in a Hausdorff topological vector 
space Z and let S be a pointed closed convex cone in Z with its interior 
intS ^ 0. Let f : X x X ^i- Y be a mapping such that yjy^xf{x,y) and 
Uxi^xfix, x) are compact sets for each x G X . Suppose the following condi- 
tions are fulfilled: 

(i) f is weakly z— convex for each z EMinXJxexMax,u]f{x,X); 
(ii) for each x Cz X, MinyJxs^x Max^ f {x , X) C f{x, X) — S. 
Then, MinUxexMaXwf{x, X) cMaxiJxexf{x,x) — S. 

Example 12 Let X ^ [0, 1], Y ^ [0, 1] x [0, 1], 5 = M^^ and / : X x X ^ 2^ 

(x,y) if < X < y < 1; 



be defined by /(x,y)-, (1, 1) if < y < x < 1 
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We notice that / is not continuous. 

The mapping / is weakly z— convex for each z ^ Y. 

Uy^xfix, y) = {x} X [x, 1] U {(1, 1)} is a compact set; 

Uxex,f{x,x) — {{x,x) : x G [0,1]} is a compact set; 

Maj c^Uyexf{x,y)^{ l} x [0, 1] U [0, 1] x {1}; 

MinU,exMax^/(x,X) = {1} x [0, 1] U [0, 1] x {1}. 

We have that for each x e X, MinUa;gxMax^/(x,X) C f{x,X) — 
S and then, all the assumptions of the Corrollary are satisfied. Hence, 
MinU^gxMax^/(x,X) C 
MaxU^ex/(a;,x)-5. 

Another result is obtained in the same context of Theorem 4. 

Theorem 5 Let X he a (n-1) dimensional simplex of a Hausdorjf topolog- 
ical vector space E,Y he a compact set in a Hausdorff topological vector 
space Z and let S he a pointed closed convex cone in Z with its interior 
intS 7^ 0. Let F : X x X —^ 2^ he a set-valued map with nonempty values 
such that Uy£xF{x,y) and UxexF{x,x) are compact sets for each x G X. 
Suppose the following conditions are fulfilled: 
(i) F is weakly z— convex for each z EMaAJy^xMinwF{X^y)] 
(a) for each x e X, MaxUy^x Min^F{X, y) C F{X, y) + S. 
Then, MajiJy(zxMinyjF{X, y) cMinUxexF{x, x) + S. 

Proof. By assumptions and Lemma 1, Min^_F(X, y) =/= 9 for each y 'E X and 
M&xUy^xMm^ F{X,y). 

Let z GMax\Jy(zxMmi^F{X,y) and let us define the set-valued map Q : 
X ^ 2^ by 

Q[y) = {a; e X : F{x, y) (1 {z - S) j^ 0} for each y e X. According to 
assumption (ii), it follows that Qiy) is nonempty for each y G X. 

By (i), we have that Q is weakly naturally quasiconvex: for any j/i, 2/2, •••, 
yn e X and z e Y, there exist xf,xi,...,x^ G X, g"" = {gf,g^,...,g^) : 
An-i — > An-1 with gf continuous, gf(l) = 1, .9f(0) = for each i G 
{1,2, ...,n}, such that for each A = (Ai, A2, ..., A„) G /\,i-i, if x^ G Q{yi) for 
each i e {1, 2, ..., n}, then, X;r=i 9ti^i)xt & ^(ELi ^^Vi)- 

Therefore, according to fixed point Theorem 1, there exists y* G Q{y*), 
that is, F{y*,y*)r]{z-S) #0. 

Then, by Lemma 1, we have that z G F{y*,y*) + S C UxexF{x,x) + 
S cMmUxexF{x, x) + S. D 

Corollary 4 Let X he a (n-1) dimensional simplex of a Hausdorff topo- 
logical vector space E,Y be a compact set in a Hausdorff topological vector 
space Z and let S he a pointed closed convex cone in Z with its interior 
intS 7^ 0. Let f : X x X ^f Y he a mapping such that Uy^xfix, y) and 
Ux£xf{x,x) are compact sets for each x G X. Suppose the following condi- 
tions are fulfilled: 
(i) f is weakly z— convex for each z GMasiiJy^xMinu,f{X,y); 
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(ii) for each x <^ X, MaAJy(zxMinu,f{X, y) C f{X, y) + S. 
Then, MaxUyi=xMin,u]f{X,y) (lMinUxexf{x,x) + S. 



5 Concluding remarks 

We have proved the existence of equiUbria in minimax inequahties with- 
out assuming any form of eontinuity of functions or set-valued maps. New 
conditions of convexity have been introduced. The main tool to prove our 
results has been a fixed point theorem for weakly naturally quasiconcave 
set valued maps. Several examples have been given to illustrate our results. 
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